CERTAIN CIRCLE ACTIONS ON KAHLER MANIFOLDS 
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Abstract. Let the circle act holomorphically on a 2n-dimensional com- 
pact Kahler manifold M with moment map tf>: M — I R. Assume the 
critical set of (j> consists of 3 connected components, the extrema being 
isolated points. We show that M is equivariantly biholomorphic to CP™, 
where n > 2, or to G2(R' I+2 ), the Grassmannian of oriented 2-planes in 
R™ +2 , where n > 3, with a standard circle action; we also show that M is 
equivariantly symplectomorphic to CP™, where n > 2, or to G2(R n+2 ), 
where n > 3, with a standard circle action. 



1. Introduction 

Let (M, uj) be a connected compact symplectic manifold. Assume that M 
admits a nontriviafl Hamiltonian circle action with moment map 4> '■ M — > R. 
We call M a Hamiltonian S^-manifold. The moment map (f): M — > K is a 
Morse-Bott function whose critical set is exactly the fixed point set M s of 
the circle action. 

Let (M, uj) be a compact Hamiltonian S^-manifold whose even Betti num- 
bers are minimal, i.e., b2i(M) = 1 for all < 2i < dim(M). Some recent 
work studied certain cases of such Hamiltonian S^-manifolds. The papers 
[131 ITT] studied the case when dim(M) = 6, and [TOj E] studied the case 
when M is of any dimension and M s consists of two connected compo- 
nents. These papers showed that such Hamiltonian S^-manifolds have cer- 
tain geometrical and topological invariants the same as those of the complex 
projective spaces, the Grassmannian of oriented two planes in some WL N , and 
some other relatively well known Kahler manifolds. In particular, for two 
important and interesting cases when dim(M) = 6 and when the fixed points 
are isolated, [11] determined the equivariant symplectomorphism type of the 
manifolds. While for the case when M is 2n-dimensional and M consists 
of two connected components, one is isolated, by a theorem of Delzant [5], 
M is equivariantly symplectomorphic to CP n with a standard circle action. 

In the above case of Delzant 's theorem, the other fixed component is 
necessarily of codimension two in M. The recent paper [7j studied a more 
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general case: assume (M, u) is a compact Hamiltonian S^-manifold such 
that M consists of two connected components, one of which has codimen- 
sion two. The authors used certain invariants to classify the equivariant 
symplectomorphism type of M. 

Let (M,oj) be a compact Hamiltonian S^-manifold. In |10l Section 4], 
it was shown that if bn (M) = 1 for all < 2i < dim(M), then the fixed 
components of the circle action satisfy 

(1.1) Yl (dim(F) + 2) = dim(M) + 2, 

FcM sl 

where the sum is over all the fixed set components. While the converse 
is false, as shown by Example 11.31 below, it is anticipated that when (jl.ip 
holds, the cohomology groups of M are relatively "simple". 

In this paper, we consider a compact Kahler manifold M which admits a 
holomorphic Hamiltonian circle action with moment map <p: M — > IR. As- 
sume that M s consists of 3 connected components, X, Y, Z, where 4>{X) < 
4>(Y) < 4>{Z) and X and Z are isolated points. Using Morse theory (see 
Lemma [23]), we can see that X, Y, Z satisfy the equality (jl.ip . Hence this is 
a special case of a Hamiltonian S^-manifold with fixed point set satisfying 
(jl.ip . We have two families of such examples as follows. 

Example 1.2. Consider CP n , where n > 2. As a coadjoint orbit of SU(n + 
1), it admits a Kahler structure. Consider the effective S 1 C SU(n + 1) 
action on CP n given by 

A - [zq,Zi,--- ,z n ) = [\~ l z , X l 'z 1 ,z 2 , ■ ■ • ,z n ], 

where 1,1' G N, and gcd(U') = 1. The fixed point set (CP n ) sl consists of 3 
connected components: 

X = [z ,0,--- ,0], Y= [0,0,z 2 ,- ■■ ,z n ], and Z= [0,zi,0,- •• ,0], 

where X and Z are isolated points. The action is holomorphic and is Hamil- 
tonian. The weights of the circle action on the normal bundles of X, Y and 
Z are respectively 

(/,••• ,1,1 + 1'), (-1,1'), (-/',-•• ,-/',-(/ + /'))• 

Example 1.3. Consider G2(M n+2 ), the Grassmannian of oriented 2-planes 
in M n+2 , where n > 3. We have dim (G2(M™ +2 )) = In. As a coadjoint orbit 
of SO(n + 2), it has a Kahler structure. Consider the S 1 C SO(n + 2) action 
on G 2 {W l+2 ) induced by the action on R n+2 = CxI" given by 

A • (z, xi, . . . ,x n ) = (A • z, xi, . . . , x n ) . 
The fixed point set (G2(M n+2 )) consists of 3 connected components: 
X = P(z, (),■■■ ,0) =pt, Y = G 2 (0xM n ), and Z = F(z,0,--- ,0) = pt, 
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where X and Z correspond to the two orientations on the real 2-plane 
(z, 0, • • ■ ,0). The S 1 action is holomorphic and Hamiltonian. The weights 
of the circle action on the normal bundles of X, Y and Z are respectively 

(I,--- ,1), (-1,1), (-I,--- ,-1). 

Our results in Theorems 11.41 and 11.51 equivariantly identify the consid- 
ered manifold with one of these examples in the complex and symplectic 
categories. 

Theorem 1.4. Let the circle act holomorphically on a compact 2n- dimensional 
Kahler manifold (M,uj,J) with moment map (ft: M — > R. Assume the crit- 
ical set of (ft consists of 3 connected components, the extrema being isolated 
points. Then M is S 1 -equivariantly biholomorphic to CF n , where n>2, or 
to G2(M ?l+2 ), where n > 3, with a standard circle action. 

Theorem 1.5. Let the circle act holomorphically on a compact 2n- dimensional 
Kahler manifold (M,lo, J) with moment map (ft: M — > R. Assume the crit- 
ical set of (ft consists of 3 connected components, the extrema being isolated 
points. Then M is S 1 -equivariantly symplectomorphic to CF n , where n > 2, 
or to G2(M n+2 ), where n>3, with a standard circle action. 

The work of this paper provides a new idea to study Hamiltonian S 1 - 
manifolds which are Kahler and which have fixed point set satisfying (jl.ip . 
We hope to be able to use the method to treat more general cases of the 
fixed point set when the Hamiltonian S^-manifold is Kahler. 

In this work, we mainly use techniques from symplectic geometry, where 
one main technique is equi variant cohomology and Morse theory; we also 
use results from algebraic geometry, and use the set up of geometric quan- 
tization. 

2. Some preliminary results 

In this section, we state and prove some preliminary results for symplectic 
Hamiltonian S^-manifolds — for the general case and for the case when the 
Hamiltonian function has 3 critical components, with isolated extrema. 

Let (M, to) be a Hamiltonian 5 1 -manifold with moment map (ft: M — > M, 
and let F be a fixed component of the S 1 action. Let us set up the following 
notations. 

• 2Xp: the Morse index of F as a critical set of the Morse-Bott function 

eft; 

• 2A^: the Morse coindex of F for (ft, or the Morse index of F for —(ft; 

• Tp: the sum of the weights of the S* 1 action on the normal bundle 
N F to F; 

• Ap: the product of the weights of the S 1 action on the normal bundle 
N F to F; 

• A^: the product of the weights of the S 1 action on the negative 
normal bundle Np to F; 
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• A^: the product of the weights of the S 1 action on the positive 
normal bundle Np to F. 
For an ^-manifold M, let H*, (M; R) = H* (S°° x S i M; R) be the S 1 - 
equivariant cohomology of the manifold M in R coefficient, where R is a 
coefficient ring. Let t G H 2 sl (pt;Z) = H 2 (CP°°;Z) be a generator. 

2.1. Some preliminary results on Hamiltonian S^-manifolds. 

First, we have the following "equivariant extension" of the cohomology 
class represented by the symplectic form. 

Lemma 2.1. [XQ|, Lemma 2.7] Let the circle act on a connected compact 
symplectic manifold (M,cv) with moment map (ft: M — > K. Let F be a fixed 
component. Then there exists u G H% (M; IR) so that 

u\ F , = [u\ F ,]+t[4>{F)-<t>{F')) 

for any fixed component F' . If [lo] is an integral class, then u is an integral 
class. 

Now, for a Hamiltonian S^-manifold M with H 2 (M;~R.) = M, we use the 
above lemma to express the 1st Chern class ci(M) of M in terms of data 
related to any two fixed components of the action. 

Lemma 2.2. Let the circle act on a connected compact symplectic manifold 
(M,u) with moment map 0: M — > R. Assume H 2 (M;R) = R. Then 

where F and F' are any two fixed components. 

Proof. Since H 2 (M;R) = R, [u] G H 2 (M;R) is the generator. So t and 
the u in Lemma 12.11 are the generators of Hg 1 (M;R). We can write the 
equivariant first Chern Class cf (M) of M as 

cf 1 (M) = at + bu, where a, b G R. 

Then 

cf (M)\f =Ypt = at, where / G F is a point, and 

cf(M)\ r =T F d = at + bt {(j)(F) - 4>{F')) , where /' G F' is a point. 
So 

a = T F , b= (T F , - T F )/ (<P(F) - cj){F')) . 

Hence 

Taking the restriction map H^^M^R) — > H 2 (M;R), we get 

□ 
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The following lemma gives an expression of the equivariant Euler class of 
the negative normal bundle of a fixed component F when its Morse index 
is the sum T,<p(F>)«t,(F) (dim(F') + 2). 

Lemma 2.3. |1Q|, Remark 4.12] Let the circle act on a connected compact 
symplectic manifold (M,lj) with moment map (f>: M — > R. Let F be a fixed 
component and assume Y!,(j>(F')<<j>(F) (dim(i ?/ ) + 2) = 2\p. Then 



2.2. The case when the Hamiltonian function has 3 critical com- 
ponents, the extrema being isolated. 

First we show that, the index of the non-extremal critical component of 
<j) satisfies the condition of LemmaES] and H 2 (M;R) = R. 

Lemma 2.4. Let the circle act on a compact symplectic manifold (M,u) 
with moment map (f>: M — >• K such that its critical set consists of 3 connected 
components X , Y and Z, where 4>(X) < <fi(Y) < <fi{Z), with X and Z being 
isolated points. Then 2X Y = 2X Y = 2, and H 2 (M;R) ^ R. 

Proof. Since <f> has 3 critical components, we have dim(M) > 2. Since Z is 
isolated, we have 2\z = dim(M) > 2. The fact that <f> is a perfect Morse- 
Bott function gives 



FcM sl 

Then since X is isolated, and H 2 (M;R) ^ 0, ([23]) gives 2\ Y = 2. Similarly, 
using -(f), we get 2X Y = 2. Now the fact H 2 (M;R) = R follows from these 



In the case wnen the S action is semifree, we have the following: 

Lemma 2.6. Let the circle act semifreely on a compact symplectic manifold 
(M, uj) with moment map <f> : M — )■ R such that its critical set consists of 3 
connected components X, Y and Z , where <fi(X) < <f)(Y) < <fi(Z), with X 
and Z being isolated points. Then dim(M) > 6 and Y is not an isolated 
point. 

Proof. In [14] , it was shown that a semifree Hamiltonian circle action on a 
connected compact 2n-dimensional symplectic manifold with only isolated 
fixed points has exactly 2 n fixed points. So under our assumption, Y is not 
isolated. Together with Lemma 12741 that 2\y = 2Xy = 2, we get dim(M) = 





(2.5) 




facts and (|2.5p . 



□ 



dim(F) + 2X Y + 2X Y > 6. 



□ 
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Next, for the case stated, we write c\{M) slightly differently from that in 
Lemma 12. 21 so that we can identify an integral class. 

Lemma 2.7. Let the circle act on a compact symplectic manifold (M, uS) 
with moment map </>: M — >• K such that its critical set consists of 3 connected 
components X, Y and Z, where 4>(X) < <fi(Y) < <fi{Z), with X and Z being 
isolated points. Then 



ci(M) = — — 

A Y 



Ay 



0(F) - 4>{X) 



where [Ay ^yyr^xy] * s an integral class. 



Proof. By Lemma |2. 11 we can take u G -ff|i(M;M) so that u\y = My] and 



= t{4>(¥) — 0(^))- Using this together with Lemmas 12.41 and 12.31 we 

get 



Since M s consists of 3 connected components and Z is isolated, dim(M) = 
2A Z > 4, so deg(e 51 (Ny) ) = 2 < 2A Z . Let M" = {x G M | c/>(x) < 
<p(Z)}. Consider the long exact sequence for the pair (M, M~) in equivariant 
cohomology with Z coefficients, since H 2 sl (M, M~ ;Z) = i^r 2Az (Z;Z) = 
and /^(M.M-jZ) = H^ 2Xz (Z;Z) = 0, the long exact sequence splits 
into the short exact sequence 

(2.9) -> H 2 S1 {M;1) -> H 2 sl (M~;Z) -> 0. 



Consider the class e 51 (JVy) = Ay ( t + ^ (x) " 0(y) j G fl|i(Af;R). By (pH . 
its restriction to Y is e^ 1 (ATy); clearly, its restriction to X is 0. By f)2.9h . 
e^ 1 (-/Vy) is the unique class on M having this property. So e^ 1 (Ny ) is inte- 
gral implies e 51 (iVy) is integral. Taking the restriction map H% 1 (M)'M.) — >• 

H*(M;M.) for the class e sl (Ny), we get that [Ay ^xy-^Y) ^ lS an integral 
class. 

By Lemma [231 H 2 (M;R) = R. Now apply Lemma [231 using the fixed 
components X and V. □ 



3. The circle action and the first Chern class of the manifold 

In this section, assuming we have a compact Hamiltonian 5' 1 -manifold 
(M, u) whose moment map has 3 critical components, the extrema being 
isolated, we will classify the circle action and express c\(M) in terms of [u] 
(Proposition 13. 3p . 

An isotropy submanifold M Zfc C M is a symplectic submanifold which is 
not fixed by the S 1 action, but is fixed by the Z& action for some k > 1. 
We need the following lemma in the proof of Proposition 13.31 
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Lemma 3.1. [131 Lemma 2.6] Let the circle act on a compact symplectic 
manifold (M, uj) . Let p and q be fixed points which lie on the same component 
N of M Zk for some k > 1. Then the weights of the action at p and at q are 
equal modulo k. 

The projection tt : S°° X gi M — > CP 00 induces a natural push forward 
map TT*: (M; Q) -> H*(C¥°°;Q), which is given by "integration over 
the fiber" , denoted J M . We will need the following theorem due to Atiyah- 
Bott, and Berline-Vergne [HE], in the proof of Proposition! 



Theorem 3.2. Let the circle act on a compact manifold M . Fix a class 
a S Hgi (M; Q) . Then as elements of ( 



a 

M 



Ot\F 



F e s \N F y 



E 

FCMS 1 

where the sum is over all fixed components, and e sl (Np) is the equivariant 
Euler class of the normal bundle to F. 



Proposition 3.3. Let the circle act effectively on a compact 2n- dimensional 
symplectic manifold (M,oj) with moment map (ft: M — > M such that its crit- 
ical set consists of 3 connected components X, Y and Z, where <p{X) < 
(j>(Y) < 4>(Z), with X and Z being isolated points. Then the weights of the 
S 1 normal representation at X, Y and Z are respectively 

(V-- ,i),(-i,i),(-i,... ,-i), 

or 

{I,-" ,h l+l'), (-1, 1'), [-1', ■■ , -I', + I')) , where /, V G N, and gcd(/, V) 
Moreover, if [cj] is a primitive integral class, then 

c\{M) = n[u\ in the first case, and 
c\{M) = (n + 1)[oj] in the second case. 

Proof. By Lemma E2 2Ay = 2A^ = 2. We have 2X Z = 2n > 4. 

Case 1. Assume the action is semifree. Then the weights of the S 1 
normal representations at X, Y and Z are as in the first case. Then using 
Lemma 12.71 we get 

Cl(M)=n L(r)%(X) ]' where [^^lEF^M;^. 
If [cj] is primitive integral, then cp(Y) — (p(X) G N by Lemma I2.lt so 
[u] and ci(M) = n[oj]. 



<P(Y)-4>(X) _ 

Case 2. Assume the action is effective and is not semifree. 

Case (2a). Assume there is an isotropy submanifold M\ between X and 
Y, which is an M Zl , where I > 1, and there is an isotropy submanifold My 
between Y and Z, which is an M z '' , where I' > 1. We have dim(M^) = 
dim(y) + 2 Ay = dim(T) + 2 + dim(A), and similarly dim(M^) = dim(Y) + 
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2 + dim(Z); moreover, the weights of the normal representation at Y are 
{—I, I'), where gcd(7, V) = 1 since the action is effective. Then the weights of 
the normal representation at X are (I, ■ ■ ■ ,1, s) for some s£N. The weights 
of the normal representation at Z must be (— V, • • • , —V, —s). 

By Lemma El H 2 (M;R) = R. By rescaling, we may assume that [ui] is 
primitive integral. Since 2 < 2\z, M{ m6 MU(m)<^(z)}] i s primitive integral. 
Since the manifold {m G M \ (j)(m) < <ft(Z)} deformation retracts to M\ 
(the retract is given by the gradient flow of —0), [w|j^r] is primitive integral. 

Similarly, since 2 < 2Aj^, [wj^z] is primitive integral. Using [10|. Proposition 

6.1] on Mj£ and on My, we get 

<j){Y) - <f>(X) = I and <f>(Z) - <f>(Y) = I'. 

Then using Lemma l2.2l to compute c\{M) respectively in terms of X, Y and 
Y, Z, we get 

s = l + l' and ci(M) = (n + 

Case (2b). Assume there is an isotropy submanifold between X and 
Y, which is an M Zi , where I > 1, and there is no isotropy submanifold 
between Y and Z. Then the weights of the normal representation at Y are 
{—1, 1), and the weights of the normal representation at X are (I, ■ ■ ■ ,1, s) 
for some s£N. Similarly as in Case (2a), assume [oj] is primitive integral, 
then 

<fi(Y) - 4>{X) = I. 

First assume there is no isotropy submanifold between X and Z. Then s = 1 
and the weights of the normal representation at Z are (— 1, • • • ,—1). Using 
Lemma f2,2l to compute c\(M) respectively in terms of X, Y and Y, Z, it gives 
a contradiction. Hence there is an isotropy submanifold between X and Z, 
and there is only one, which corresponds to the weight s (hence s > 1). So 
the weights of the normal representation at Z are (—1, • • • , —1, —s). Using 
Lemma 13.11 for the fixed sets X and Z, we have I + 1 = as, where a > 0. 
Similarly, using the lemma for the fixed sets X and Y, we get s = 1 + 6/, 
where b > 0. These together give a = 1 and b = 1, so 

8 = 1 + 1. 

Using Lemma 12.21 to compute c±(M), we get 

ci(M) = (n + 1)M and <f>(Z) - <f>(Y) = 1. 

For the case when there is an isotropy submanifold between Y and Z and 
there is no isotropy submanifold between X and Y, we can discuss similarly 
and we have similar conclusion as above. 

Case (2c). Assume there are no isotropy submanifolds between X and Y 
and between Y and Z. Then the weights of the normal representation at Y 
are (—1, 1). Since the action is not semifree, there is an isotropy submanifold 
between X and Z. We will show that there is only one isotropy submanifold 
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between X and Z, which is an M Za . If dim(M) = 4, using Lemma 13.14 this 
is clear. 

Now assume dim(M) > 4. Since X and Z are isolated points, each 
isotropy submanifold between X and Z is a sphere. If W is the set of 
weights at X, then the set of weights at Z is —W. Then Tx = —^z and 
Ax = ±A^. We also have Ay = — 1, Ay = 1, and Ty = 0. Assume [oj] is 
primitive integral. Then by Lemmas 12.71 and 12.11 (using a similar argument 
as in Case 1), 

(3.4) Cl (M) = T x [u], and <f>(Y) - cj>(X) = 1. 

So c\{M)\y = Tx [w|y]. By symmetry or using a similar argument as the 
above, (f>(Z)-(f>(Y) = (f>(Y)-<j>(X) = 1. By Lemmas EH and e s \N~) = 
~t ~t~ ^TFT^rxl = ~~ * + M^]- Using these lemmas for —0, we get e sl (A r y) = 
t + ^(J^l^y) = t + [w|y]. First assume dim(Y~) = 2(2k + 1), where k > 0. 
Let cf X (M) be the equivariant first Chern class of M. Then cf 1 (M)\x = 
T x t, 4\M)\ Y = Cl (M)\ Y +t -t = r x [w|y], cf(M)| z = V z t. We have 
e sl (AT x ) = A x t n , e s \N Y ) = e s \Ny) ■ e s \N+) and e s \N z ) = k z t n . 
Using Theorem 13.21 to compute 



Jm 



we get 



a7 ~ Txa + xf = °' where ° = = JrMy] 2fc+1 e Z- 

Since 1" is symplectic, a / 0. Since dim(M) = 2(2fc + 1) + 4 = 2(2/s' + 1), 
Ax = — A.z- Solving the above equation, we get 

a = — G Z. 
Ax 

Hence Ax = 2 (Ax 7^ 1 since the action is not semifree) which implies that 
there can only be one isotropy submanifold between X and Z, which is fixed 
by Z2. Next, assume dim(Y~) = 2(2k), where k > 0. We use Theorem 13.21 to 
compute 



M 



(M)) 2 = 0. 



A similar argument as the above shows that there is only one isotropy sub- 
manifold between X and Z, which is fixed by Z2. Hence, the weights of 
the action at X are (1, • • • ,1,2) and the weights of the action at Z are 
(-1, • • • , -1, -2). Then (J32D gives c x (M) = (n + l)[w]. □ 
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4. Proof of Theorem 11.41 

In this section, we prove Proposition 14.21 below and then prove Theo- 
rem 11.41 When M is a Kahler manifold satisfying the assumptions of The- 
orem 11.41 the first Chern class of the manifold given by Proposition 13.31 has 
important implication. 

Let us first recall the following theorem which was proved in [8]. 

Theorem 4.1. Let M be a compact Kahler manifold of complex dimension 
n. If there exists a positive element a G H 1 (M ; Z) such that c\(M) = (n + 
l)a, then M is biholomorphic to CP"; if there exists a positive element a G 
H ltl (M]Z) such that ci(M) = na, then M is biholomorphic to a quadratic 
hypersurface in CP" +1 . 

Proposition 4.2. Let (M,uj,J) be a compact Kahler manifold of complex 
dimension n, which admits a holomorphic Hamiltonian circle action. As- 
sume that [u] is an integral class. If c\{M) = (n + l)[w], then M is S 1 - 
equivariantly biholomorphic to CP" = P (H°(M) L)) , and if c±(M) = n[uj], 
then M is S 1 -equivariantly biholomorphic to a quadratic hypersurface in 
CP" +1 = P (H°(M; L)) , where L is a holomorphic line bundle over M with 
first Chern class [oj] and H°(M;L) is its space of holomorphic sections. 

The proof of Proposition 14.21 is to incorporate the circle action into the 
proof of Theorem 14.11 The idea of the proof of Theorem 14.11 is as follows. 
Since a G iif 1 ' 1 (M;Z), by a result of Kodaira and Spencer, there is a holo- 
morphic line bundle L over M such that c\{L) = a; and since c\(L) is 
positive, L is ample by a theorem of Kodaira. Let H°(M;L) be the com- 
plex vector space of holomorphic sections of L over M. The authors of [8] 
showed the following fact. 

Lemma 4.3. When ci(M) = (n + l)ci(L), dimH°(M;L) = n + 1; and 
when ci(M) = nci(L), dim H°(M;L) =n + 2. 

Moreover, they showed that H°(M;L) has no base points, i.e., the ele- 
ments of H°(M;L) have no common zeros. Hence, if P [H (M;L)\ is the 
complex projective space defined as the set of hyperplanes through the origin 
in the vector space H°(M; L), then we can define a holomorphic mapping 

(4.4) j : M -> P (H°(M; L)) by 

j(x) = {s G H°(M;L) | s(x) = 0} for each x G M. 

The authors showed that the map j from M to its image is biholomorphic. 
In the case when c x (M) = (n + l)ci(L), j(M) = F(H°(M;L)) = CP"; 
and in the case when c\{M) = nci(L), j(M) is a quadratic hypersurface in 
P [H°(M ; L)) = CP" +1 . 

Now, we make the argument work equivariantly under the assumptions 
of Proposition 14.21 By the assumptions of Proposition 14.21 

ci(M) = (n+l)[w] or c x (M) = n[u], where [u] G ff 1>:L (M;Z) is positive. 
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So we have the ample line bundle L as above with c\{L) = [u] and the 
results in Theorem 14.11 

We choose a Hermitian structure h on L and a Hermitian connection y 
such that its curvature form is lj. Then (L,/i,y) is a (pre)quantum line 
bundle over M. 

Let Xm be the vector field generated by the circle action on M, and let 
Xm be the horizontal lift of Xm to TL. Then 

~ d 
X L = X M + 4>-qq 

gives an action of the Lie algebra of S 1 on L, where is the vector field on 
L generated by the fiberwise multiplication by e l6 '. 

Let X, Y, Z be the fixed components of the circle action such that (j>(X) < 
<p(Y) < 4>(Z). Since [u] is an integral class, Lemma 12 . 1 1 implies that 

(4.5) <f>(Y) - <f>(X) G N and <f>(Z) - <j>(Y) G N. 

Since the moment map is defined up to translation by a constant, (|4.5p 
implies that we may assume the moment map values of the fixed point set 
components are in the integral lattice of M. By [HJ Example 6.10], the above 
action of the Lie algebra of S 1 on L integrates to an S 1 action on L which 
is compatible with the S 1 action on M. Then S 1 acts on H°(M;L) which 
is given by 

(4.6) (A • s) (x) = A • siX' 1 • x), where A G S 1 and s G H°(M; L); 
or infinitesimally given by 

X ■ s = -Vxm s + V-i<f> ■ s > where x G Lie(5 1 ) and s G H°(M;L). 
The S 1 action on H°(M;L) induces an S 1 action on P (iT°(M; L)). 



Lemma 4.7. Under the assumptions of Proposition \4-S\ the holomorphic 
map j in j4-4\) can be made to be S 1 -equivariant. 



Proof. The above analysis shows that S 1 acts on H°(M; L) and on P (H°(M) L)\ . 
For any g G S 1 , and s G H°(M; L), by K6h . we have 

(g-s){x) =g-s(g~ 1 -x). 

So 

j(g ■ x) = {s G H°(M; L) \ s(g ■ x) = 0} for each a; G M, and 

9 -j(x) = {g-s G H°(M; L) | g-s(x) = 0} = { 5 -s G ff°(M; L) | = 0} 

= {g ■ s G JEf°(M; L) | {g ■ s)(g ■ x) = 0} for each x G M. 

Hence 

i(5 • x ) = g-jix). 

□ 



Proposition 14.21 follows from Theorem 14.11 and Lemma 14.71 
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Remark 4.8. The embedding j in (|4.4p may not be a Kahler embedding. In 
the case when M is a compact homogeneous Kahler manifold which admits 
a homogeneous very ample quantum line bundle L, for example, when M is 
CP™ or G 2 (M n+2 ), the embedding is Kahler ([2],[I]). 

Proof of Theorem \l-4\ By Lemma 12. 4| we can rescale the Kahler form ui so 
that [uj] is primitive integral. 

By quotienting out a finite subgroup of S 1 that acts trivially, we may 
assume that the S 1 action is effective. Then by Proposition 13.31 c\(M) = 
(n + l)[w], or ci(M) = n[uj] and the action is semifree. In the first case, we 
have n > 2 (if n = 1, then there can only be 2 fixed components), and in 
the second case, we have n > 3 by Lemma 12.61 

By Proposition 14.21 M is equivariantly biholomorphic to P Lff°(M; L)j = 
CP™ or to a quadratic hypersurface in P (H°(M;L)) = CP n+1 through the 
equivariant holomorphic map j in (14.40 . In particular, the circle action on 
j{M) has 3 fixed components biholomorphic to those on M. 

Since the S 1 action on the complex vector space H°(M;L) is Hamilton- 
ian, the induced S 1 actions on P (H°(M; L)) and on the invariant complex 
manifold j(M) are Hamiltonian. In the case when j{M) is a quadratic hyper- 
surface in CP n+1 , j{M) can be identified with G 2 (M™ +2 ). Now TheoremO 
follows. □ 

Remark 4.9. Let (M, uj) be a 2n-dimensional compact Hamiltonian S 1 - 
manifold, such that the fixed point set M sl consists of two connected com- 
ponents, X and Y with dim(X) + dim(F) + 2 = dim(M). pm Theorem 1] 
showed that, C\(M) = (n + l)[w], or C\(M) = n[uj] with n > 3 odd, if [uj] 
is primitive integral. If we assume M is Kahler and the S 1 action preserves 
the complex structure, then by Proposition 14.21 M is S^-equivariantly bi- 
holomorphic to CP™ or to G2(M™ +2 ) with n > 3 odd in the latter, with a 
standard circle action. 

See Examples 1.1 and 1.2 in [TO] for the standard circle actions on CP™ 
and on G2(M™ +2 ) satisfying the required conditions. 

5. Proof of Theorem 11.51 

In this section, we prove Theorem 11.51 With the help of the Kahler 
condition and Theorem 11.41 we can prove Theorem 11.51 as follows. 

Proof of Theorem \1.5[ By Theorem 11.41 there is an 5 1 -equivariant biholo- 
morphism 

/: (M,uj,J) (M',uj',J'), 

where (W, uj', J') represents the Kahler manifold CP™ with n > 2 or G 2 (M™ +2 ) 
with n > 3, with the standard structures. By Lemma 12.41 H 2 (M;M.) = M. 
So by rescaling uj, we may assume that uj and f*u' represent the same co- 
homology class. Consider the family of forms u>t = (1 — t)uj + tf*ui' , where 
t £ [0, 1] . Each ui t is clearly closed. Each uit is also nondegenerate: for 
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any point x E M, suppose X E T X M is such that ut(X,Y) = for all 
Y E T X M. In particular, if we take Y = JX, then we get Ut{X, JX) = 0. 
Using the facts u)(X, JX) > 0, f+(JX) = J'f*X, and u/(f+X, J'f*X) > 0, 
we get X = 0. So ujt is a family of symplectic forms. It represents the same 
cohomology class and it is S 1 -invariant. By Moser's theorem [12] (Moser's 
argument without the presence of a group action can be adapted to the case 
when a compact group acts by choosing invariant objects), there is an S 1 - 
equivariant isotopy $t such that <&*ut = uj; in particular, <&\f*oj' = uj. □ 
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